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JOINT PROBABILITY DENSITY FUNCTION OF SELECTED
ORDER STATISTICS AND THE SUM OF THE REMAINDER
AS APPLIED TO ARBITRARY INDEPENDENT RANDOM VARIABLES

INTRODUCTION

Detection and location of weak signals in random noise is frequently accomplished by the
ordering of the random variables (RVs) in a measured dataset, followed by an investigation of
the locations and statistics of several of the largest RVs under consideration. Also of interest are
the remaining smaller RVs in the dataset, which can be used to estimate the background noise
level and to form a basis for normalization, thereby realizing a constant false alarm processor.

In this study, the original dataset{x, } is composed of N independent RVs with arbitrary

probability density functions (PDFs) {p, (x)}. This dataset is ordered into another dataset of

dependent RVs, each with a different PDF. From this latter set, the M-1 largest RVs are
selected. The sum of the remaining N+1-M RVs is then computed, giving a total of M
dependent RVs. The joint M-th order PDF of these M dependent RVs is one of the quantities of

interest.

For convenience, the following notation is used. The largest RV in set{x,,} is denoted by
z,,the second-largest by z,, ... ,the M-1 largest by z,, ,, and the sum of the remaining RVs by
z,,. Thus, the first M-1 RVs satisfy the restrictions that z, 2z, 2---2z,,_,, while the last RV
must obviously satisfy the restriction that z,, <(N +1-M)z,, ,.

To solve for the statistics of RVs{z,}, general M, a series of simpler problems will be

solved starting with M = 2, that is, the largest RV and the sum of the remainder. By the time M
increases to 5, the general pattern will be obvious and may be extended to a larger M of interest.
The end result is a single one-dimensional contour integral for the joint PDF of{z , }, which can

easily and accurately be numerically evaluated by moving the contour of integration to
approximately pass through the real saddlepoint of the integrand.

For later use, it is convenient to define the auxiliary function
¢, (z,A) = jdx exp(Ax) p,(x) forn=1:N,

which is a mixture of a cumulative distribution function (CDF) and a moment-generating
function (MGF). That is,c, (z,0) is the CDF corresponding to PDF p, (x), whilec, (+o0, 1) is the

corresponding MGF. Variable z is real, while A can be complex. Several useful examples of the
¢, (z,A) function are listed in appendix A of reference 1.




DERIVATIONS OF JOINT PROBABILITY DENSITY FUNCTIONS

The method for deriving joint PDFs is based very heavily on reference 1, pages 5 through
15. The notation introduced there will also be used here. The reader is advised to review that
material before proceeding. The major difference here is that each RV now has different
statistics. Specifically, the PDF of RVx, is p, (x) for n = 1:N, instead of a common PDF p(x)

used earlier. The CDF of RVx,,is ¢, (x), while its exceedance distribution function (EDF) is
e,(x). The RVs{x,}, n=1:N, are independent of each other.

LARGEST RANDOM VARIABLE
The probability that RV x,, is the largest RV and that it is in the interval (z,,z, +dz,) is

dz, p,(z) ch (z)). (1)

n#m

Thus, the probability that RV x,, is the largest RV is

_ 2 (. Pa(2) .
Q(m) = [dz, pm(zl)}:‘lcn(zl)— faz o FEO form=1:N, )

m
nm

where the product of auxiliary functions is
N
P(z,A) = Hc,, (z,A). 3)
n=l

The sum of all the {Q(m)} probabilities is unity:

N N N N N
> 0(m)= [dz 3 p, ()] ]e,(2) = [dz % [Te.@=]]e.@f, =1. @)

m=)
n#m

As an example, if all the RVs have exponential PDFs, namely,
P.(x)=a, exp(-a, ) U(x), ¢,(x)=[1-exp(-a, V] U(x) forn=1:N, )
then it follows, from equation (2), that

O(m) = ]'dz a, exp(-a, z) ﬁ {1-exp(-a, z)} form=1:N. (6)
0 n=1

nm




Although these integrals can be evaluated in closed form, they are probably most efficiently
accomplished by numerical integration, especially for large N, once{a, } are specified

numerically. For other than exponential PDFs, the integrals in equation (2) will have to be done
numerically.

Given that RV z, = x,, is the largest RV, the conditional PDF of RV x,,, n # m, at argument x,

whenz, has value z,,is

P, (x)
. (ZI)U(I x). (7

The corresponding conditional MGF is

J.dx pn( ) p(lx)zcn(zl’ﬂ')

LYo e T ®

Therefore, the conditional PDF of the sumz, of the remaining RVs (other thanx,, ), at argument

z,,given thatz, = z,, is available from a Bromwich contour integral as

A
— Idxl exp(-4z,) H ACE ) )]
¢,(z))
Finally, the product of equations (1) and (9) and dz, is
1 N
dz, dz, p,(z) = [dAexp(-22,) [ e, (2,2, (10)
2r 2 ol
which is the probability thatz, (= x,,) is the largest RV, that it lies in the interval (z,, z, + dz,),
and that the sumz, lies in the interval(z,, z, +dz,). That is,
1 N
4,(m.2,2,) = p, (5) -~ [dh exp(-22) [ [ e, (21, 4) form=1:N (11)
2z i

n£m

is the combined probability (thatx is the largest RV) and joint PDF ofz, (= x,,) andz, (which
is the sum of the remaining RVs).

Let A = iy in equation (11) and integrate on z, to get

Idz2 qZ(mszl’ZZ) =pm(zl) jdy 5(.}))ch(zlaiy):pm(zl)ch(zl)‘ (12)




Then, by use of equation (2), an additional integral yields
[[dz, dz, g,(m,z,,2,) = O(m) form =1: N. (13)

That is, functiong, (m, z,,z,) in equation (11) is not a true PDF because its area is less than 1.
However, the conditional PDF ofz,,z,, given thatx, is the largest RV, is

g,(z,,2, |m)—Q(1  PrE) 55 jd,i exp(— lzz)Hc,,(z,,/l) (14)

n#m

which is a true PDF for all m = 1:N.

Alternatively, the sum of equation (11) over all m,

9,(2,2,) = Zqz(m Z,2 2)—_ J‘di exp(- ﬂzz)me(z )ch(zn’?') (15)

m=] m=1
n:m

is a true PDF, namely, the unconditional joint PDF of the largest RV z, and the sum of the
remaining RVsz,. Using equation (3), this quantity can be expressed as

qz(zl,zz)—— jd/l exp(— }tzz)P(zl,/i)z pg(zi) (16)

which avoids the nested two-dimensional operation in equation (15) in favor of a one-
dimensional product and a one-dimensional sum, both of which depend on the variable of
integration A. This joint PDF is zero forz, > (N -1) z, because RVz, < (N —1) z, is always
true. An alternative argument is given in equation (16) of reference 1; it uses the fact

thatc, (z, 4) is analytic in A for Re(1) > 4, , a problem-dependent critical value.

As an alternative check, if all the RVs{x, } are identically distributed, equation (15) reduces
to equation (15) of reference 1.
TWO LARGEST RANDOM VARIABLES

The probability that RV x,, is the largest RV, thatx, is the second-largest RV, thatx  is in

interval (z,,2, +dz,),and thatx, is in interval (z,,z, +dz,), z, > z,,is

N
dz, dz, p,(2)) p(2,) [[e.(z) UGz, - 2,), m=k. (17)

nzm.k




Then, the probability thatx , is the largest RV and thatx, is the second-largest RV is best
obtained by integrating equation (17) over z, first:

Q(m.k) = [dz, p,(z,) ]‘[ ¢,(z,) jarz1 Pu(z)

n:m k

= [dz, €,(z,) pi(2) T]en(2) (18)

n#mk

= jd zP(z O)L(—Z—)L"(—) form#k, mk=1:N.
n(2) €, (2)

A single integral suffices to determine this probability. The sum of all the {Q(m, k)} probabilities
form # k is unity.

For the example of exponential RV in equation (5), the integral in equation (18) takes the

form

QO(m,k) = Idz a, exp[—(a, +a,)z] H{l exp(-a, z)} form#k. (19)

n¢m k
Again, although possible analytically, numerical integration is the most practical method.

Given that RV z, = x,, is the largest RV and thatz, = X, is the second-largest RV, the
conditional PDF ofx , n # m,k, at argument x, when z, has value z,and z, has value z,,

withz, > z,, 1s

P 1y, ), (20)
Cn (ZZ)

The corresponding conditional MGF is

; jdx pn(() S PR Cr Y0 p— 1)

-0 Cn Z ¢, (Z 2
The conditional PDF of the sumz, of the remaining RVs (other thanx,, , x, ) at argument z;,

given thatz, =z, andz, = z,,is

— jdz exp(=42,) H CACHON (22)

g ¢,(z,)

n¢m K




The product of equations (17) and (22) and dz, is

1 N
dz, dz, dzy p,(z,) p, (ZZ)i?n'— J"M exp(—4z;) ch(zzalﬂ Uz, -z,), m#k, (23)
¢ n=1

nzm k

which is the probability thatx , is the largest RV, thatx, is the second-largest RV, thatz, =x ,
liesin(z,,z, +dz,), thatz, = x, lies in(z,,z, + dz,), and that sumz, lies in(z,,z, + dz,). That is,
form # k,

1 il
9:0m k.22, 2,) =U(z) = 2,) P, (2)) Pi(22) [drexp(-22,) []e, (2. D) (4)
C n=\

nzmk

is the combined probability (thatx,, is the largest RV and thatx, is the second-largest RV) and
joint PDF of z, (=x,,),z, (=x,), and z, (the sum of the remaining RVs).

Let A = iy in equation (24) and integrate on z, to get

N
Jdzs ax(m.k.2,,2,,2) = Uz, - 2,) p,(2) pi(2y) []en(2y). (25)

n=|
nzm k

Then, by reference to equations (17) and (18), the remaining two integrals yield
[[fez, dz, dz, qs(mk,2,,2,,2,) = O(m, k), m = k. (26)

That is, function g,(m,k,z,,z,,z,) in equation (24) is not a true PDF because its area is less than

1. However, the conditional PDF ofz,,z,,z,, given thatz,, is the largest RV and thatz, is the
second-largest RV, is

1
9,(2,,2y,25 | mk) = U(z, - z,) p,(z) pi(2,)
Q(m,k) o
1 N
X Fy. (J‘dl exp(-4z,) I_]Ic" (2,,4),

n=m.k

which is a true PDF for allm # k, m,k =1:N.



Alternatively, the sum of equation (24) over allm # k,

N
q3(Zl,Zz,Z3) = Zq3(m,k,zl,z2,z3)
m,k=1
m=k

(28)
—U(zl—zz)— Jdﬂ exp(—ﬂzozpm(zl) Zpk(zz) [T,

n=1
k#m nzm,k

is a true PDF, namely, the unconditional PDF of the largest RV z,, the second-largest RV z,,and
the sum of the remaining RVsz,. By using equation (3), and adding and subtracting the k= m
term in the inner sum, this quantity can be expressed as

1
q:(2,,2,,23) =U(z, — z,) E Idﬂ exp(-Az;) P(z,,A) (S, S, - S5), (29)
C

where one-dimensional sums

ACY _Pa(z2) L, p(5) Pal2)
% ,,ZC(zz,/l) ,,Z;c(zz,/l) S; = “ e (2,07 (30)

Equation (29) is much more advantageous computationally than equation (28), which requires a
nested three-dimensional sum and product. Joint PDF ¢,(z,,z,,2;) is zero forz, > (N -2) z,

because RVz, < (N -2) z, is always true.

As a check, if all the RVs{x,} are identically distributed, the result in equation (28) reduces

to

NV =D plz,) pla) - [dd exp(-2z,) e(z, 4 Ul =2,) (31)
C

which is equation (35) of reference 1. Also, by letting 4 = iy in equation (31) and integrating on
z,, there follows

N(N-1) p(z,) p(2,) ¢(2,)" U(z, - 2,)- (32)

An additional integral on z, yields

NV -1 pz) Jdz, plzr) e(z) = N pla) ez)™ =—c(@)", (33)

1

where the step function U(z, — z, ) takes effect. Finally, integrating on z, yields 1.




THREE LARGEST RANDOM VARIABLES

The probability that RV x,, is the largest RV and lies in interval (z,, z, + dz,), thatx, is the
second-largest RV and lies in(z,,z, + dz, ), and thatx , 1s the third-largest RV and lies in
(25,25 +dzy) withz, > z, > z,,is

dz, dz, dz, p,(z)) p,(z,) p,(z3) ch (z;) Uz, ~z,)U(z, - z,) (34)

n=l1
nzmk, j

form, k, j all unequal. Then, the probability thatx , is the largest RV, thatx, is the second-largest
RV, and thatx | is the third-largest RV is obtained by integrating equation (34) first on z,to obtain

n=!
nem k. j

Om.k,j)= [dz, p,(z;) T] te,(z)} [dz, po(z:) e, (2y). (35)

23

At this point, in general, the remaining double integral cannot be reduced any further, although
the sum of all the {Q(m, k, j)} over all unequal m, k, j must be unity. However, for the example of

exponential RVs in equation (5), the z, integral can be carried out to yield

a,a

Q(m, k, j) =

+a

m n=l

nzmk,j

" [dz expl(a, +a, +a,) 2] [[1-exp(-a, 2)} (36)

For given numerical values of{a, }, this single integral can be easily evaluated for any m,k, j of
interest.

For general statistics of RVs{x, },and by a similar procedure to that presented in equations
(20) through (24), the combined probability and joint PDF of z, (=x,,), z,(=x,), z; (=x,),and
z, (the sum of the remaining RVs) is

q,(m.k, j,z,,2,,2;,2,) =U(z, - 2,) U(z, —Zs)Pm(Zl)Pk(zz)Pj(z3)

1 L . (37)
XT J'di exp(-4z,) Hc,,(z3,/1) for m,k, j all unequal.
27

n=1
nzmk,j

Functiong, is zero forz, > (N -3) z, because RVz, < (N -3) z, is always true. Equation (37)
can be evaluated numerically with moderate computational effort.

The sum of equation (37) over all unequal m, k, j is the unconditional joint PDF of RVs
z,,z,,z,,and z,and can be expressed as




1
94(21:23,23,2) =U(5 = 2,) Uz, = 23) —— [dr exp(-22,) P(z;, ) T, (39%)
C

where

pm(zl) S pk(zz) ul pj(z3)
ch (2;,4) T ¢,(z5,4) (39
Jj#Em.k

N
T, =1(z,,2,,2;,A) = )

1 C (25 A) i3 =1
k#m #m,

By adding and subtracting the missing terms in each sum, starting with the innermost sum and
expanding out the resulting expressions, the following form is obtained:

T,=8,8,8,-8 8,-8,8 -8, S, +28,, (40)
where
S,=Ya, S,=2b, 8 =3¢, S=24a,b,

S =Zancn, S =Zb,, Cps S, =Zan b,c,,

(41)

and

A I N Y B 1 C2) BN v (42)

a - s Y, = > Yn T
! Cn(Z3,ﬂ,) cn (2332’) cn (Z3’ﬂ‘)

Whereas direct evaluation of equation (39) would require a triple-nested sum, requiring a number
of operations of the order of N 3, equation (40) requires only the seven one-dimensional sums in
equation (41), each of size N.

The PDF q,(z,,2,,25,2,) in equation (38) is zero forz, > (N -3)z, because RV

z, < (N -3)z, is always true.




FOUR LARGEST RANDOM VARIABLES

The probability that RV x,, is the largest RV and lies in interval(z,, z, + dz,), thatx, is the
second-largest RV and lies in(z,,z, +dz,), thatx , 1s the third-largest RV and lies in

(2,2 +dz,),and thatx, is the fourth-largest RV and lies in(z,,z, + dz, ), where
z,>2,>z,>2z,,is

N
dz, dz, dzy dz, p,(2)) pi(2,) P(2) p(2z,) []e.(z) Uz, —2,) U(z, - 2,) U(z, — 2,) (43)
n=|
nEmk, ji

form,k, j,iall unequal. Then, the probability thatx  is the largest RV, that x . is the second-
largest RV, thatx | is the third-largest RV, and that x, is the fourth-largest RV is obtained by
integrating equation (43) first on z, to obtain

o N o oo
Qmk,j.i)= [dz, p.(z) T ez} [z, p,(2)) [dz, pu(z) e, (2y). (44)

n=1
nxmk,ji

At this point, in general, the remaining triple integral cannot be reduced any further, although the
sum of all the {Q(m, k, j,i)} over all unequal m, k, j,i must be unity. However, for the example of

exponential RVs in equation (5), the z, and z, integrals can be carried out to yield

a,a, a,
(a,+a,)a

Q(m,k, j,i) =
+a, +a))

- N (45)
X J‘dz exp[—(a, +a, +a, +a,) z] H {1—exp(-a, z)}.
0

n=1
nemk, fi

For given numerical values of{a, }, this single integral can be easily evaluated for any m, , j,i of
interest.

For general statistics of RVs{x,, },and using a procedure similar to that presented in

equations (20) through (24), the combined probability and joint PDF of
z,(=x,), 2, (=x,), 2, (=X,), Z, (=X,), andz (the sum of the remaining RVs) is

qs(makajai’zl922323324925):U(zl _zz)U(zz _23) U(Z3 -z,) P.(2) Pi(2,)

N
x p,(z;) p(z,) %7; j dlexp(-Az;) []e,(z44) (46)
e n=1

nemk, ji

for m,k, j,i all unequal.

10




Function g, is zero forz; > (N —4) z, because RVz, <(N—-4) z,is always true. Equation (46)
can be evaluated numerically with moderate computational effort.

The sum of equation (46) over all unequalm, &, j,i is the unconditional joint PDF of RVs
z,,2,,Z;,2,,and z; and is given by

1
qs(z,5...,25) =U(z, — z,) U(z, —2z;) U(z, —z4)—i2—7[ Idﬂ exp(-Az;) P(z,,A) T}, 47)
C

where, after expansion and manipulation, the fourth-order sum for 7, can be expressed as
T, =T(2),2,, 23,23, A) =8, 8, Sy Sy +2(8; Sy + 8, Si3 83 S, + 8,4 Syy)
+8, 8, +S, Sy +S, Sg—S, (S, S +83 Sy +8, Sg) =S, (S5 S, +85, S¢) (48)
-8, 8,8-68S;,

and the 15 sums are given by

Sl =zan’ SZ =an’ S3 =ch9 S4 :Zdn’

n

S =Zan b,, S =Zan Cn» S =Zan d,, Sg =an Cp»

49
S, =>b,d,, S=2.¢,d,, S, =2.a,b,c, Sy =>a,b,d,, “
Sis =Za,, c,d,, S, =an c,d,, Sis =Zan b,c,d,,
with
_p@) o PG PE) gy PalE) gy (50)

T zeA) " e znd) T e eAd) " (24, A)

Again, the simplification afforded by form (48) is a considerable improvement on the initial
quadruple nested sum encountered for7, in equation (47). All 15 sums in equation (49) are of

size N. An additional shortcut is available by defining e, =a, b, and f, =¢,d, forn=1:Nin
all the sums in equation (49).

The PDF ¢,(z,,2,,25,2,,25) in equation (47) is zero for z; > (N —4) z, because RV
z, <(N —4)z, is always true.

11




M-1 LARGEST RANDOM VARIABLES

Letx, =z, be the largest RV,x, =z,be the second-largest RV, and X, =2z bethe

(M-1)-th-largest RV. Also, letz,, be the sum of the remaining RVs. Then,
z, <(N+1-M)z,, , is always true.

Observation of equation (46) reveals that the combined probability and joint PDF of the M
RVs {z,}, m=1:M, is given by

M-2 M-1
G (Mysecsmy, 32,002, ) = H{U(zm = Z,)} H{pm, (z,)}
m=1 j=1
’ (51)
1 M -1
x—— [drexp(-22,) P(z,..0)] [ T{e,, (21, 0
¢ j=
For this quantity to be nonzero, it is required that
2y>2z;>>z,, and z,, <(N+1-M) z,, ,. (52)

RECURSION FOR m-TH ORDER SUM

As M-1, the number of the largest RVs of interest, increases, the initial form for the nested
sum7, =T(z,,...,z,,4), m= M-1, becomes impractical computationally. Also, the expansion

and simplification procedure leading to compact equations (40) and (48) for m = 3 and m = 4,
respectively, becomes very tedious and unwieldy. A method around these limitations is to
develop a recursion procedure for getting7,, directly fromT, ,.

The essentials of this derivation begin with the definition

A, (a,b) = ian ibm = ian ibm - ian b, = sum(a)* sum(b) — sum(a.* b). (53)

n=1 m=t n=l m=] n=1
m#n

Suppose a program is written to perform this task on sequences {a, } and {b,}. Now, consider the
third-order nested sum

A3(a,b,c)sia,, ib,,, ick. (54)
n=| m=} k=1
m#n ktmn
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Develop the inner sum according to

N N N
A3(a,b,C)= Zan me (ch _cn —cm]
n=l1 m=1 k=1

m#n

= sum(c)* 4,(a,b) — 4,(a.* ¢,b)— 4,(a,b.*c),

(55)

where the notation introduced in equation (53) has been used. Thus, 4; can be evaluated by three

calls to function 4, . It follows in a similar fashion that

N N N N
Afabcd)=)a, Db, > ¢ 2d,
nel o omel ke = (56)
m#n zmn  jzk,mn

= sum(d)* 4,(a,b,c)— 4,(a.*d,b,c)— 4,(a,b.*d,c) - A,(a,b,c.* d).

That is, in general, 4, can be evaluated by m calls to 4,,_,, with appropriate combinations of
arguments.

It should be observed that the use of the recursive approach is not as economical as having
explicit expressions for the high-order sums of interest. For example, the use of equation (55)
employs 10 summations, whereas the direct use of equation (40) requires that only seven sums
be evaluated. (SumsS,,S,,and S, are evaluated twice in equation (55).) This loss of economy is
present at every level and gets worse as m increases. Also, the amount of computational effort
increases noticeably with m. In fact, the number of summations that must be evaluated at level m
is 2™ —1; observe the results in equations (30), (41), and (49), for example. This additional

effort serves to effectively limit the level to which the procedure can be carried out; that is,
evaluation of the joint PDF of the m largest RVs and the sum of the remainder is not
computationally feasible for very large m. Additional effort on extending results like equations
(48) through (50) would probably be very worthwhile, at least for m =5 or 6. For example, at

m = 5, the number of different sums to be evaluated is 2° —1=31, and the number of different
types of terms in7is 52. Namely,

T, =24 Q(5)-6 Q(4,)-2 0(3,2)+2 Q(3,L) + 0(2,2,) - Q2L L.]) + O(LLLLY), (57)

where
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0(5)=Y abcde, 1term,
Q41)=>abcd Y e+, Sterms,

032 =) abcY.de+-, 10terms,
OBL) =Y abc) d > e+, 10terms,
0221)=3aby cdd e+, 1Sterms,
021D =% abY c>d> e+, 10terms,

OULLLY=>ad>bd cddd e lterm.

SECOND-LARGEST RANDOM VARIABLE

The probability thatx, is the largest RV, that x , is the second-largest RV, and that
X, €(z,,z +dz))is

N
dz, p,(z) e (z) [[e.(z), k=j. (59)
n=\

n:],k

P (%)

Given thatx , = z, the conditional PDF ofx, is
k(2

U(x - z,), while that forx , n# j,k,is

no

P.(x)

) U(z, —x). The corresponding conditional MGF of x, is
cn Z)

() _e(z,4)
de . (z,) xPA) = e.(z,) (€0

and that ofx  is

~’jdxi’"(—")exp(,a,x)=5'(&’9, n# jk. (61)
5 c(z) ¢,(z))
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N
The conditional MFG ofz, = x, + an is

n;t;,k

€.(z1,4) 176 (A

. (62)
e(z) na cu(z)
nzjk
The conditional PDF ofz, at argument z,, givenz, = X has valuez,, is
L fda exp(-4z,) ACHON o I AGEDN (63)
27 ¢ e (z) n c,(z)
n#j,
Finally, the product of equations (59) and (63) and dz, is
dzy dz, p,(2) -~ jdz exp(-A2,) ¢4 (21, A) [ [eazo D), K # ), (64)
nz;lk
which is the probability thatx, is the largest RV, thatx , is the second-largest RV, that
z, =X, €(z,,2, +dz)), and thatz, € (z,,2, +dz,). That is,
4,0k 21,2,) = P, (7)) 7~ jdz exp(-A2,) € (21, ) [ [ e, G s k% (65)
n=1
n#j.k

is the combined probability (that x, is the largest RV and thatx , is the second-largest RV) and
joint PDF ofz, the second-largest RV, and z,, the sum of the remaining RVs.

The sum of equation (65) over £,
9,(j.21:2,) = p,(zl)— jdz exp(—zzazek(zl,z) Hc E)) (66)
k¢j n¢j k

is the combined probability (thatx , is the second-largest RV) and joint PDF ofz, (=x,)andz,

(the sum of the remaining RVs). This quantity can be written as

. 1 P(z,,A e (z,,A4 )
q‘z(],zl,zz)=pj(zl)i—2—7; jdzl exp(-1z,) (2,4) § z G0 for j=1:N. (67)
C

( ) k= 1 ¢ (2;,4)




Then, the sum of equation (67) over j,

ud pj(zl) e (z),4)
I=lcj(zl’ﬂ')zck(zl"{)’

(68)

1
q,(2,,2,)=— Id/l exp(-Az,) P(z,,A)
i2r

k=1
k#j

is the overall joint PDF of the second-largest RV z, and the sum of the remaining RVs z,. This
last quantity can be expressed alternatively as

4:(21,7) = —— [dd exp(-22,) P(z,,2) (S, S, =S, (69)
i2r .

where one-dimensional sums

N N N
n(z) en(z ’2’) pn(z )en(z 92’)
S, =Z P.\2, , S, = pt) S, =Z 1 1A

70
n=t C” (ZI"{) n=\ C”(Zl,/i) n=1 cn (Zl”?')2 ( )

SUMMARY

The joint statistics of M-1 ordered random variables and the sum of the remaining random
variables have been derived for several values of low-order M. The original random variables,
prior to ordering, are independent and can have arbitrary, different probability density functions.
Results for the joint probability density function of the M random variables of interest, as well as
a combined probability and joint probability density function, have been derived in the form of a
single contour integral in the moment-generating domain. Numerical evaluation of this contour
integral is most easily accomplished by approximately locating the real saddlepoint of the
integrand and moving the Bromwich contour so as to pass through this point. However, instead
of resorting to a saddlepoint approximation, high accuracy in the evaluation of the joint
probability density function is achievable by numerical integration along this displaced contour.

A recursive procedure has been developed for evaluating a nested sum that occurs in the
evaluation of the joint probability density function. For values of M in the range of 6 to 10, this
is a very helpful numerical aid. For much larger values of M, execution time increases very
rapidly and becomes a significant limitation.

REFERENCES

1. A. H. Nuttall, “Joint Probability Density Function of Selected Order Statistics and the Sum
of the Remaining Random Variables,” NUWC-NPT Technical Report 11,345, Naval
Undersea Warfare Center Division, Newport, R, 15 January 2002.

16



INITIAL DISTRIBUTION LIST

Addressee

Office of Naval Research (D. Abraham, J. Tague, B. Fitch)
University of Connecticut (P. Willett)

University of Rhode Island (S. Kay)

Defense Technical Information Center

No. of Copies
3
1




